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Abstract
As a typical kind of mechanical linkage, we consider the n-arms machine in Rd . The machine consists of n 2-legs with equal
length such that the initial point of each 2-leg is fixed to a circle, while all tips of the 2-legs are combined to a central joint. We
determine the homotopy type of the configuration space of the n-arms machine.
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1. Introduction
In [7] the configuration space of the n-arms machine, which is a typical kind of machine in R2, was considered and
its topological type was determined. The purpose of this paper is to generalise the result to the n-arms machine in the
general Euclidean space Rd .
Mechanical linkages are abstractions of real world machines consisting only of rigid bars, joints and anchors (see
for example [16]). In recent years, the configuration spaces of mechanical linkages have been drawing attentions of
mathematicians. The main focus has been set on the configuration spaces of polygonal linkages, which are simply
concatenations of rigid bars and joints forming a closed chain. A good number of papers on the configuration spaces
of polygonal linkages have been published (see for example [9,13–15]).
Recently, Eldar [7] considered another kind of mechanical linkage.
Definition 1.1. (i) A 2-leg machine in R2 consists of rigid bars L1 and L2 with equal length, such that L1 and L2 are
connected by a rotational joint. We assume that the initial point of L1 is fixed and this point is called the anchor of the
2-leg machine. We define the length of the 2-leg machine as being twice the length of L1.
* Corresponding author.
E-mail addresses: kamiyama@sci.u-ryukyu.ac.jp (Y. Kamiyama), tsukuda@math.u-ryukyu.ac.jp (S. Tsukuda).0166-8641/$ – see front matter © 2006 Elsevier B.V. All rights reserved.
doi:10.1016/j.topol.2006.04.026
1448 Y. Kamiyama, S. Tsukuda / Topology and its Applications 154 (2007) 1447–1464(ii) Fix n ∈ N. For 1 i  n, we set
Bi = exp
(
2π
√−1(i − 1)
n
)
∈ C ∼= R2.
We fix r such that 1 < r < 2 when n is even, and 1 < r < 2 cos π2n when n is odd. We take n copies of 2-leg machines
with equal length r and the anchors B1, . . . ,Bn. Next we create a new central joint by combining all tips of the 2-leg
machines. We denote the new central joint by C.
We call this machine an n-arms machine in R2. Note that the condition implies that C cannot coincide with Bi for
any i (1 i  n). (See Fig. 1.)
We consider the configuration space of the n-arms machine. (For the precise definition, see Definition 2.1.) Then
we have the following:
Theorem 1.2. [7,17] The configuration space of the n-arms machine in R2 is homeomorphic to a connected closed
orientable surface of genus (n− 4)2n−3 + 1.
An example of the 6-arms machine in the real world is a crane fly, where its body is assumed to be a point and
the tips of its legs are fixed to Bi (1  i  6). From this example, it is natural to generalise Theorem 1.2 to the
configuration space of the n-arms machine in R3, and more generally in Rd , where we use Bi in Definition 1.1(ii) as
the anchors. The purpose of this paper is to study the generalisation.
This paper is organised as follows. In Section 2 we state our main results. Theorems A and B determine the homo-
topy type of the configuration space of the n-arms machine in Rd . In Section 3 we study a lemma in combinatorics,
which seems to be of interest itself. We prove Theorem A in Section 4. In Section 5, we determine the homotopy type
of a certain homotopy colimit. Our main result is Proposition 5.1. Combining the proposition with a result in Sec-
tion 3, we prove Theorem B. In Section 6 we study a Morse function on our configuration space. In Appendix A, we
recall the definition and some properties of homotopy colimits in the category of compactly generated weak Hausdorff
spaces.
Fig. 1. The 6-arms machine.
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Definition 2.1. (i) We keep the notations of Definition 1.1(ii) for Bi , namely, for 1 i  n,
Bi =
(
exp
(
2π
√−1(i − 1)
n
)
,0, . . . ,0
)
∈ C × Rd−2 ∼= Rd .
We set
P(n,d)= {(C,N1, . . . ,Nn) ∈ (Rd)n+1: ‖BiNi‖ = ‖NiC‖ = r/2 (1 i  n)}.
(ii) We set
Q(n,d)= {(C,N1, . . . ,Nn) ∈ P(n,d): C ∈ R2},
where we embed R2 ↪→ Rd by (x1, x2) → (x1, x2,0, . . . ,0).
P(n,2) is the configuration space of the n-arms machine which was defined in Definition 1.1.
It is clear that Q(n,d) is a compact connected manifold of dimension n(d − 2) + 2. On the other hand, P(n,d)
has singular points for d  3 and n 4.
Our first theorem is the following:
Theorem A. When d  3, there is a homeomorphism
P(n,d)∼= Sd−3 ∗Q(n,d)
where the right-hand side denotes the join of a (d−3)-dimensional sphere and Q(n,d), which is homotopy equivalent
to the (d − 2)-fold suspension Σd−2Q(n,d) of Q(n,d).
In order to describe the homotopy type of Q(n,d), we prepare notations.
Definition 2.2. (i) For 1 i  n− 1, we set
α(n, i)= n
(
n− 2
i − 1
)
−
(
n
i
)
.
(ii) We set
Xi =
∨
α(n,i)
Si(d−2)+1,
where the right-hand side denotes the α(n, i)-fold bouquet of Si(d−2)+1.
Remark 2.3. It is interesting that α(n, i) is a solution of a question in combinatorics. (See Section 3.) The following
formulae are proved by direct calculations or by using the generating function for α(n, i) given in Corollary 3.2.
(i) α(n, i)= α(n,n− i).
(i) α(n,1)= α(n,n− 1)= 0.
(iii) ∑n−2i=2 α(n, i)= (n− 4)2n−2 + 2.
(iv) (∑n−2i=2 (−1)iα(n, i))+ (−1)n+1 = 1 (n 3).
(v) We have Table 1.
Theorem B. There is a homotopy equivalence
ΣQ(n,d)	Σ
((
n−2∨
i=2
Xi
)
∨ Sn(d−2)+2
)
.
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The values of α(n, i) for 4 n 10
n\i 2 3 4 5 6 7 8
4 2 0 0 0 0 0 0
5 5 5 0 0 0 0 0
6 9 16 9 0 0 0 0
7 14 35 35 14 0 0 0
8 20 64 90 64 20 0 0
9 27 105 189 189 105 27 0
10 35 160 350 448 350 160 35
Corollary C.
(i) When d  3, there is a homotopy equivalence
P(n,d)	Σd−2
((
n−2∨
i=2
Xi
)
∨ Sn(d−2)+2
)
.
(ii) When d is even, we have χ(P (n, d)) = (−n + 4)2n−2. Moreover, when d  4, P(n,d) is homotopy equivalent
to a bouquet of odd spheres and an even sphere.
(iii) When d is odd, we have χ(P (n, d))= 2 for n 3. Moreover, if we denote the sum of the Betti numbers of P(n,d)
by
∑
q0 bq , then we have
∑
q0 bq = (n− 4)2n−2 + 4 for n 2.
Corollary C follows easily from Theorems A, B and Remark 2.3(iii), (iv). Using a T n-action on P(n,3), we will
reprove the fact that χ(P (n,3))= 2 in Section 4.
3. A lemma in combinatorics
Denote the n-elements set {1,2, . . . , n − 1, n} by [n]. For each subset I ⊂ [n], we define two graphs Γ (I) and
Γ nc (I ) as follows:
• The set of vertices is I .
• The set of edges between i, j ∈ I is
{ {∗}, {i, j} = {i, i + 1},
∅, otherwise, where we identify n + 1 = 1 for Γ
n
c (I ). (See
Figs. 2 and 3.)
Let g and gnc be non-negative integer valued functions on the power set P([n]) given by
g(I)= ∣∣π0(Γ (I))∣∣, gnc (I )= ∣∣π0(Γ nc (I ))∣∣,
where | − | stands for the cardinality, namely, g and gnc count the number of the connected components of the graphs
Γ (I) and Γ nc (I ) respectively.
Now we set
β(n, i)=
∑
I⊂[n], |I |=i
g(I ),
γ (n, i)=
∑
I⊂[n], |I |=i
gnc (I ).
Note that, for ∅ = I  [n], gnc (I )= gnc (I c) and hence γ (n, i)= γ (n,n− i).
We give explicit formulae for β(n, i) and γ (n, i). It is easy to see that the following equation holds:
γ (n, i)=
{
β(n, i)− (n−2
i−2
)
, n 2, i < n,
1, i = n.
By an easy induction, we have the following:
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Fig. 3. Γ 10c (I ) for I = {1,2,4,5,7,8,10} ⊂ [10]. We have g10c (I )= 3.
Lemma 3.1. Let
Bn(x)=
n∑
i=0
β(n, i)xi
be the generating function for β(n, i). Then we have
Bn(x)= x(n+ x)(1 + x)n−2.
Hence, we have
β(n, i)= n(n−2
i−1
)+ (n−2
i−2
)
, 0 i  n,
γ (n, i)= n(n−2
i−1
)
, 0 i < n.
Proof. If n 2, for each I ⊂ [n], we have
g(I)=
{
g(I \ {n})+ 1, n ∈ I and n− 1 /∈ I,
g(I \ {n}), otherwise,
whence we obtain a recurrence equation
β(n, i)= β(n− 1, i − 1)+ β(n− 1, i)+
(
n− 2
i − 1
)
(n 2),
from which, we have{
Bn(x)= (1 + x)Bn−1(x)+ x(1 + x)n−2, n 2,
B1(x)= x.
It is easy to solve this recurrence equation and we obtain
Bn(x)= x(n+ x)(1 + x)n−2. 
From the lemma, we obtain the following:
Corollary 3.2. We have
α(n, i)= γ (n, i)−
(
n
i
)
=
∑ (
gnc (I )− 1
)
andI⊂[n], |I |=i
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i=1
α(n, i)xi = 1 + xn + (1 + x)n−2(−1 + (n− 2)x − x2).
Hence Remark 2.3(iii) and (iv) indeed hold.
4. Proof of Theorem A
We prepare some notations. We set
Di =
{
x ∈ Rd : ‖x −Bi‖ r
}⊂ Rd,
Ei =
{
(C,N): ‖BiN‖ = ‖NC‖ = r/2
}⊂Di × Rd .
It is clear that Ei is homeomorphic to Sd−1 × Sd−1 by a map sending (x, y) ∈ Sd−1 × Sd−1 to (Bi + r(x + y)/2,
Bi + rx/2) ∈Ei . The first projection pi :Ei →Di gives a structure of a fibration with singular fibres such that
p−1i (Bi)∼= Sd−1,
Ei |IntDi\Bi ∼= S
(
T Sd−1
)× (0,1),
Ei |∂Di ∼= ∂Di ∼= Sd−1,
where S(T Sd−1) denotes the unit tangent sphere bundle.
We set
D =
n⋂
i=1
Di, D
′ =D ∩ C,
Li =D ∩ ∂Di, li = Li ∩ C,
Vi = Li ∩Li−1, vi = Vi ∩ C,
Pi =Ei |D, Qi =Ei |D′
(see Fig. 4), then we have
P(n,d)= P1 ×D P2 ×D · · · ×D Pn,
Q(n,d)=Q1 ×D′ Q2 ×D′ · · · ×D′ Qn,
equivalently, we have pullback diagrams
P(n,d) E1 × · · · ×En
p1×···×pn
Q(n,d)
π
E1 × · · · ×En
p1×···×pn
Rd Δ R
d × · · · × Rd C Δ Rd × · · · × Rd
(4.1)
Fig. 4. D′ for n= 3.
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Pi ∼=D × Sd−2/∼ and Qi ∼=D′ × Sd−2/∼
where (C,N) ∼ (C,N ′) if C ∈ Li (respectively C ∈ li ). Note that, if n 3, ⋂ni=1 ∂Di is homeomorphic to Sd−3 and
D ∼= Sd−3 ∗D′. Moreover this identification can be chosen so that it preserves the decompositions given by Lis and
lis. Therefore we see that
P(n,d)∼= (Sd−3 ∗D′)× Sd−2 × · · · × Sd−2/∼
where the equivalence relation ∼ is generated by
(C,N1, . . . ,Ni, . . . ,Nn)∼ (C,N1, . . . ,N ′i , . . . ,Nn), C ∈ Sd−3 ∗ li , 1 i  n,
and
Sd−3 ∗Q(n,d)∼= Sd−3 ∗ (D′ × Sd−2 × · · · × Sd−2/∼)
where the equivalence relation ∼ is generated by
(C,N1, . . . ,Ni, . . . ,Nn)∼ (C,N1, . . . ,N ′i , . . . ,Nn), C ∈ li , 1 i  n.
Therefore both P(n,d) and Sd−3 ∗Q(n,d) are homeomorphic to the quotient space of
Sd−3 × I ×D′ × Sd−2 × · · · × Sd−2
by the equivalence relation generated by⎧⎨
⎩
(x, t, y,N1, . . . ,Ni, . . . ,Nn)∼ (x, t, y,N1, . . . ,N ′i , . . . ,Nn), y ∈ li , 1 i  n,
(x′,0, y,N1, . . . ,Nn)∼ (x,0, y,N1, . . . ,Nn)
(x,1, y,N1, . . . ,Nn)∼ (x,1, y′,N1, . . . ,Nn)
whence we have P(n,d)∼= Sd−3 ∗Q(n,d).
Similarly, we see that P(2, d)∼= Sd−3 ∗Q(2, d). 
By the proof above, we can easily describe the fibre π−1(C) of the projection π :Q(n,d) → D′ for each C ∈ D′.
Let Sd−21 , . . . , Sd−2n be n copies of Sd−2 such that all of them have a basepoint s0.
Lemma 4.1. The fibre π−1(C) for each C ∈D′ is given as follows.
(i) If C ∈ IntD′, then
π−1(C)= Sd−21 × · · · × Sd−2n .
(ii) If C ∈ Int li , then
π−1(C)= Sd−21 × · · · × Sd−2i−1 ×
i
s0 ×Sd−2i+1 × · · · × Sd−2n .
(iii) If C = vi , then
π−1(C)= Sd−21 × · · · × Sd−2i−2 ×
i−1
s0 × is0 ×Sd−2i+1 × · · · × Sd−2n ,
where if i = 1, then we understand the right-hand side as
1
s0 ×Sd−22 × · · · × Sd−2n−1×
n
s0 .
See Section 6 for a Morse theoretical interpretation of Lemma 4.1.
Alternative proof of the fact that χ(P (n,3)) = 2 for n  3. Let a torus T n act on P(n,3) as follows. Let
(C,N1, . . . ,Nn) ∈ P(n,3). Then the ith circle acts by rotating Ni around the line through Bi and C. Then
P(n,3)T n , the fixed point set, consists of two points which correspond to the cases that all arms are stretched. Since
χ(P (n,3)T n)= χ(P (n,3)), we have χ(P (n,3)) = 2. 
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We work in the category T of compactly generated weak Hausdorff spaces. Let X1, . . . ,Xn be arcwise connected
spaces with nondegenerate base points. Consider a quotient space
Q(X1, . . . ,Xn)=
n∏
i=1
Xi ×D′/∼
where the equivalence relation ∼ is given as follows (see Section 4 for definitions of D′, li and vi ):
(x1, . . . , xn, v)∼ (x1, . . . , i∗, . . . , xn, v), v ∈ Int li , ∗ : basepoint,
(x1, . . . , xn, vi)∼ (x1, . . . , i−1∗ , i∗, . . . , xn, vi), ∗ : basepoint.
Note that we have a homeomorphism:
Q(n,d)∼=Q(Sd−2, . . . , Sd−2).
We can describe the homotopy type of Q(X1, . . . ,Xn) as follows: For each subset I ⊂ [n] = {1, . . . , n}, we set
YI =Σ
∧
i∈I
Xi,
then we have the following:
Proposition 5.1. There exists a weak homotopy equivalence:
ΣQ(X1, . . . ,Xn)	
w
( ∨
∅=I[n]
( ∨
gnc (I )−1
ΣYI
))
∨Σ2Y[n].
Note that gnc (I )− 1 = 0 if |I | = 1, n− 1. In particular, using Corollary 3.2, we have the following:
Corollary 5.2. There exists a homotopy equivalence:
ΣQ(n,d)	
(
n−2∨
i=2
( ∨
α(n,i)
ΣSi(d−2)+1
))
∨Σ2Sn(d−2)+1,
whence Theorem B holds.
Proof of Proposition 5.1. Consider a poset
P = {[n], Ii, Ji : 1 i  n}⊂ P([n])op
where Ii = [n] \ {i}, Ji = [n] \ {i − 1, i} (2 i  n) and J1 = [n] \ {n,1}.
We define a functor
X :P T
T∗
where T∗ denotes the category of compactly generated weak Hausdorff pointed spaces, as follows: For each I ∈ P,
X(I )=
∏
i∈I
Xi =
{
(x1, . . . , xn): xi = ∗ if i /∈ I
}⊂ n∏
i=1
Xi
and for each I  J ∈ P (note that I  J ⇐⇒ I ⊃ J ),
X(I  J ) :X(I )=
∏
Xi →
∏
Xi = X(J )i∈I i∈J
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{∗} ×X2 × {∗} X1 ×X2 × {∗}
{∗} ×X2 ×X3 X1 ×X2 ×X3 X1 × {∗} × {∗}
{∗} × {∗} ×X3 X1 × {∗} ×X3
We can identify Q(X1, . . . ,Xn) with the homotopy colimit of the functor X:
Q(X1, . . . ,Xn)= hocolimX
=
∐
X
([n])×Δ2∐X(Ii)×Δ1∐X(Ji)/∼
(see (A.1)). Since the classifying space of P is contractible, by Proposition A.19, we have a homotopy equivalence
hocolimX 	 hocolim∗ X
where hocolim∗ denotes the pointed homotopy colimit and since hocolim∗ commutes with the suspension, we have a
homeomorphism
Σ hocolim∗ X ∼= hocolim∗ ΣX.
Recall that there exists a weak homotopy equivalence for each I ;
+
J⊂I
ΣpIJ :ΣX(I )=Σ
∏
i∈I
Xi →
∨
J⊂I
(
Σ
∧
j∈J
Xj
)
=
∨
J⊂I
YJ
where
pIJ :
∏
i∈I
Xi →
∏
j∈J
Xj →
∧
j∈J
Xj
is the canonical projection. Clearly the maps are functorial, namely, the following diagram is commutative for each
I  J ∈ P:
ΣX(I )
ΣX(IJ )
	
w
ΣX(J )
	
w
∨
I ′⊂I YI ′
(
∨
I ′⊂J YI ′)∨ (
∨
I⊃I ′ ⊂J YI ′) 1∨∗
∨
I ′⊂J YI ′
Therefore we have
hocolim∗ ΣX	
w
hocolim∗
( ∨
I⊂[n]
YI
)
∼=
∨
I⊂[n]
hocolim∗ YI
where the functor YI :P → T∗ is given by
YI (J )=
{
YI , I ⊂ J,
∗, I ⊂ J
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Y2 Y1 ∨ Y2 ∨ Y12
Y2 ∨ Y3 ∨ Y23
Y1 ∨ Y2 ∨ Y3
∨Y12 ∨ Y23 ∨ Y13
∨Y123
Y1
Y3 Y1 ∨ Y3 ∨ Y13
We easily see that
hocolim∗ Y[n] =Σ2Y[n].
For I  [n], the homotopy colimit of the diagram YI is homotopy equivalent to that of the diagram obtained from YI
by collapsing identity arrows. More precisely, let PI ⊂ P be a subposet defined by
PI = {J : I ⊂ J ∈ P} = {J : YI (J )= ∗} = {Ii : i ∈ I } ∪ {Ji : i or i − 1 ∈ I }
and consider a poset
PI =
{[n]}∪ π0(PI )
where [n] [J ] for each [J ] ∈ π0(PI ). Noting that Ji = Ii ∩ Ii−1, we see that π0(PI )∼= π0(Γ nc (I )). Define a functor
Π :P → PI by
Π(J )=
{ [n], I ⊂ J,
[J ] ∈ π0(PI ), I ⊂ J.
It is clear that the functor YI factors through Π
P
YI
Π
Top∗
PI
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hocolim∗ YI 	 hocolim∗
⎛
⎜⎜⎜⎜⎝
YI
......
∗ ∗ . . . . . . ∗ ∗︸ ︷︷ ︸
gnc (I )
⎞
⎟⎟⎟⎟⎠∼=
∨
gnc (I )−1
ΣYI ,
whence we obtain Proposition 5.1. 
6. A Morse function on Q(n,d)
We define a function f :Q(n,d)→ R by
f (C,N1, . . . ,Nn)= g ◦ π(C,N1, . . . ,Nn)= −‖C‖2,
where π :Q(n,d) → R2 is the projection in (4.1) and we set g(C) = −‖C‖2. We claim that f is a nondegenerate
Morse function in the sense of Bott (see [2] or [1, Section 1]). To describe the critical manifolds, we prepare notations.
Definition 6.1. We fix r as in Definition 1.1(ii). For 1 i  n, we define points vi and qi ∈ R2 as follows.
(i) We set
vi = exp
(
2π
√−1(i − 1)
n
)
+ re
√−1θi ,
where
θi = π
(
1 + 2i − 3
n
)
+ Arcsin sin
π
n
r
.
Note that this definition coincides with that of vi in Section 4.
(ii) We set
qi = (1 − r) exp
(
2π
√−1(i − 1)
n
)
.
Note that qi is the middle point of the arc li in Section 4.
Now it is easy to prove the following lemma (see Appendix B):
Lemma 6.2. The set of critical manifolds of f consists of π−1(vi), π−1(qi) (1 i  n) and π−1(O). Moreover,
(i) They are nondegenerate and the indices are 0, 1 and 2, respectively.
(ii) They are diffeomorphic to the right-hand sides of Lemma 4.1(iii), (ii) and (i), respectively. In particular, π−1(vi)
consists of elements (C,N1, . . . ,Nn) ∈Q(n,d) whose (i − 1)th and ith arms are stretched.
From the lemma, we have a homeomorphism
Q(n,d)∼=
(
n⋃
i=1
π−1(vi)
)
∪
(
n⋃
i=1
π−1(qi)× I
)
∪ (π−1(O)×D2),
which is Lemma 4.1.
Corollary 6.3. The cell decomposition for Q(n,2) in [7] is induced from the Morse function f .
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In this section, for the readers convenience, we recall the definition and some properties of homotopy colimits in
the category of compactly generated weak Hausdorff spaces. Most of the arguments in this section are essentially
taken from [10,11]. For the properties of homotopy colimits, see also [3,5].
In this section, I and J always denote small categories.
A.1. Category of compactly generated weak Hausdorff spaces
We recall some fundamental facts about compactly generated weak Hausdorff spaces and fix some terminologies.
Let Top denote the category of topological spaces and T ⊂ Top the full subcategory of compactly generated weak
Hausdorff spaces.
Recall that T is (small) complete and cocomplete. Limits are given as follows: Take a limit in Top and apply the
k-fication functor to it, then it is in T, which gives a limit in T. Colimits are given as follows: Take a colimit in Top
and take the maximal weak Hausdorff quotient of it, then it gives a colimit in T.
It is well known that the exponential law holds in T. Let C(X,Y ) be the space of continuous maps from X to
Y with compact open topology and we set YX to be the k-fication of C(X,Y ). We have a natural isomorphism
T(X × Y,Z)∼= T(Y,ZX) for every X,Y,Z ∈ T.
Let T∗ be the category of pointed compactly generated weak Hausdorff spaces. The forgetful functor U :T∗ → T
has a left adjoint which is given by adding a disjoint basepoint X →X+ =X  {∗}.
Proposition A.1. The categories T and T∗ are closed symmetric monoidal categories where the tensor products
are given by products and smash products, respectively. The functor −+ :T → T∗ adding a disjoint basepoint is a
monoidal functor.
Moreover, both T and T∗ have simplicial structures.
Proposition A.2. The categories T and T∗ are simplicial categories where the simplicial mapping space Map(X,Y )•
from X to Y are given as follows:
In T, Map(X,Y )n = C(X ×Δn,Y ).
In T∗, Map(X,Y )n = C(X ∧ (Δn+), Y ).
Here C(−,−) denotes the underlying set of C(−,−).
Definition A.3. A map i :A → X ∈ T is called a cofibration if it satisfies the homotopy extension property (HEP) for
all Y ∈ T.
Lemma A.4. A cofibration i :A→X ∈ T is a closed inclusion, namely, i :A ∼=−→ i(A) and i(A) is closed in X.
Definition A.5. A map p :E → B ∈ T is called a fibration if it satisfies the covering homotopy property (CHP) for all
A ∈ T.
Theorem A.6. [8] The categories T and T∗ are simplicial model categories with respect to the following three classes
of maps as cofibrations, fibrations and weak equivalences, respectively: cofibrations in the sense of Definition A.3,
fibrations in the sense of Definition A.5 and homotopy equivalences.
Proof. It is shown in [8] that the category T with these classes is a model category. Note that the geometric realization
of an inclusion of simplicial sets is a cofibration in the sense of Definition A.3 between CW-complexes. By using [10,
Proposition 9.3.7] and [8, Theorem 3,1], we see that T is a simplicial model category. The pointed case is deduced
from the unpointed one (see [12, Propositions 1.1.8, 4.2.9 and 4.2.19]). 
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We collect some notations and fundamental categorical constructions. We use the following notations for various
categories:
Cat The category of small categories.
SS The category of simplicial sets.
[I,C] The category of functors from a small category I to a category C.
I o The opposite category of a category I .
n The ordered set {0,1, . . . , n} considered as a category where n is a non-negative integer.
Definition A.7. Let C be a cocomplete monoidal category with the tensor product ⊗ :C× C → C. Given two functors
F : I o → C and G : I → C, we define an object F ⊗I G ∈ C as a coequalizer object of the middle row of the following
diagram;
F(j)⊗G(i) F(u)⊗1
iu
F (i)⊗G(i)
ii∐
u : i→j∈IF (j)⊗G(i)
φ
ψ
∐
i∈IF (i)⊗G(i)
F (j)⊗G(i) 1⊗G(u)
iu
F (j)⊗G(j)
ij
where the arrows φ and ψ are specified by the upper and lower rectangles respectively. We call F ⊗I G the tensor
product of F and G.
We denote the nerve of a small category I by N•I ∈ SS. The geometric realization of the nerve of I is called the
classifying space of I and denoted by BI :
BI = |N•I | ∈ T.
Associating the classifying space to a category gives a functor B :Cat → T.
Remark A.8. Note that our classifying space BI is a topological space, whereas in the literatures such as [10], the
nerve N•I is called the classifying space of I and denoted by BI .
Let I be a small category and i ∈ I an object of I . We denote the category of objects under i by (i ↓ I ). For a
functor F : I → J and an object j ∈ J , we denote the comma category determined by F and j by (j ↓ F). An arrow
u : i → i′ ∈ I defines, by the composition, a functor u∗ : (i′ ↓ I )→ (i ↓ I ). Therefore, associating the category (i ↓ I )
to each i ∈ I , we obtain a functor from I o to Cat and composing with the classifying space functors, we obtain a
functor B(− ↓ I ) : I o → T.
Definition A.9. Let F : I → J be a functor. The functor F is said to be homotopy right cofinal if B(j ↓ F) is con-
tractible for every j ∈ J .
A.3. Homotopy colimits in T
We recall a definition of the homotopy colimit in the category T and describe some properties. Recall that T is a
simplicial model category and every object is cofibrant.
Definition A.10. Let F : I → T be a functor. The homotopy colimit of F is a space
hocolimF := F ⊗Io B(− ↓ I ) ∈ T
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Definition A.11. Let F : I → T be a functor. The simplicial replacement of the functor F is a simplicial space B•F
given as follows:
BnF =
∐
u∈[n,I ]
F
(
u(0)
)
and the map corresponding to ϕ : m → n is specified by the following diagram:∐
u∈[n,I ]F(u(0))
∐
v∈[m,I ]F(v(0))
F (u(0))
iu
F (u(0→ϕ(0))) F (uϕ(0))
iuϕ
It is clear that B•F is a good simplicial space.
Proposition A.12. Let F : I → T be a functor. Then the homotopy colimit of F is homeomorphic to the geometric
realization of the simplicial replacement of F :
hocolimF ∼= |B•F |.
Let [n, I ]+ be the subset of [n, I ] consisting of functors which map the arrow i → i + 1 to a non-identity one for
all 0 i < n. Then the homotopy colimit of F is given as follows:
hocolimF ∼=
∐
n
∐
u∈[n,I ]+
F
(
u(0)
)×Δn/∼. (A.1)
The following facts are known.
Proposition A.13. Let F,G : I → T be functors and f :F →G a natural transformation.
(i) If f is an objectwise homotopy equivalence, namely, fi :F(i)→G(i) is a homotopy equivalence for every i ∈ I ,
then f induces a homotopy equivalence hocolimF → hocolimG.
(ii) [6] If f is an objectwise weak homotopy equivalence, namely, fi :F(i)→G(i) is a weak homotopy equivalence
for every i ∈ I , then f induces a weak homotopy equivalence hocolimF → hocolimG.
(iii) If f is an objectwise cofibration, namely, fi :F(i)→G(i) is a cofibration for every i ∈ I , then the induced map
hocolimF → hocolimG is a cofibration.
Proof. The first and the third part are shown in [10, Section 18.5]. In the appendix of [6], the second part is shown in
Top, but as remarked in [6], the same proof works for T. 
Proposition A.14. [10, Theorem 19.6.7] Let F : I → J be a homotopy right cofinal functor and G :J → T a functor.
Then the natural map hocolimGF → hocolimG is a homotopy equivalence.
A.4. Homotopy colimits in T∗
We consider homotopy colimits in T∗. Recall that T∗ is a closed symmetric monoidal category with the smash
product as the tensor product.
Definition A.15. Let F : I → T∗ be a functor. The homotopy colimit of F is a space
hocolim∗ F := F ⊗Io B(− ↓ I )+ ∈ T∗
where B(− ↓ I )+ : I o → T∗ is the composition of B(− ↓ I ) and −+ :T → T∗.
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of a pointed simplicial space B∗•F given as follows;
B∗nF =
∨
u∈[n,I ]
F
(
u(0)
)
and hence
hocolim∗ F ∼=
∨
n
∨
u∈[n,I ]+
F
(
u(0)
)
Δn/∼
where  is the half smash product given by
X  Y =X × Y/∗ × Y.
Definition A.16. We say that a functor F : I → T∗ is well pointed, if it is objectwise well pointed, namely, F(i) is
well pointed, that is, the inclusion of the basepoint is a cofibration, for every i ∈ I .
The following propositions describe the relation between pointed and unpointed homotopy colimits.
Proposition A.17. Let F : I → T be a functor. Then we have a natural homeomorphism:
hocolim∗
(
F+
)∼= (hocolimF)+.
Proposition A.18. [4] Let F : I → T∗ be a functor. We may think of F as a functor to T by forgetting the basepoint.
Then there exists a natural inclusion BI → hocolimF and a homeomorphism hocolimF/BI−→∼= hocolim∗ F .
Proof. Let C∗ : I → T be a constant functor at a point ∗. The basepoint of F defines a natural transformation C∗ →
F ∈ TI∗ , which induces a map hocolimC∗ → hocolimF . Using the description of homotopy colimits as geometric
realizations, we see that this map is an inclusion, the natural map hocolimF → hocolim∗ F induces a homeomorphism
hocolimF/hocolimC∗
∼=−→ hocolim∗ F and hocolimC∗ ∼= BI . 
If the functor F is well pointed, then the inclusion BI → hocolimF is a cofibration by Proposition A.13(iii),
therefore we have the following:
Corollary A.19. [4] If F : I → T∗ is well pointed and BI is contractible, then we have a homotopy equivalence
hocolimF 	−→ hocolim∗ F .
We summarise the properties of pointed homotopy colimits which we need.
Proposition A.20.
(i) Homotopy colimits commutes with colimits.
(ii) Homotopy colimits commutes with the suspension:
hocolim∗ ΣF ∼=Σ hocolim∗ F.
Proposition A.21. Let F,G : I → T∗ be well pointed functors and f :F →G a natural transformation.
(i) If f is an objectwise homotopy equivalence, namely, fi :F(i) → G(i) ∈ T∗ is a (not necessarily pointed) homo-
topy equivalence for every i ∈ I , then f induces a pointed homotopy equivalence hocolim∗ F → hocolim∗ G.
(ii) If f is an objectwise weak homotopy equivalence, namely, fi :F(i) → G(i) is a weak homotopy equivalence for
every i ∈ I , then f induces a weak homotopy equivalence hocolim∗ F → hocolim∗ G.
Proof. Both of these follow from Propositions A.13 and A.18 
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natural map hocolim∗ GF → hocolim∗ G is a pointed homotopy equivalence.
Proof. This follows from Propositions A.13(iii), A.14 and A.18. 
Appendix B. Nondegeneracy of the function f
From the description of Q(n,d) in Section 4, it is clear that the critical manifolds of f are the fibres over O , qi
and vi . For the sake of completeness, we show that they are nondegenerate.
Recall that Qi = p−1i (D′)⊂Ei is homeomorphic to the subspace of Sd−1 × Sd−1 given by{
(x1, x2, u1, . . . , ud−2), (y1, y2,−u1, . . . ,−ud−2)
}⊂ Sd−1 × Sd−1
and we identify these two spaces.
We set l = r/2.
B.1. Around the point O
On IntD′, π :Q(n,d)| IntD′ → IntD′ is just the first projection:
π−1(IntD′)∼= IntD′ × (Sd−2)n → IntD′.
Hence it is clear that π−1(O) is nondegenerate and its index is 2.
B.2. Around the points qi
We consider the point q1. Let U ⊂ D′ be a small neighbourhood of q1. On U , the projection π decomposes as
follows:
π−1(U)∼=Q1|U ×
(
Sd−2
)n−1 →Q1|U p1−→U.
Consider the function f1 = g ◦ p1 on Q1|U . Using a local chart given by
(x, y,u1, . . . , ud−2) →
((−√1 − x2 − ‖u‖2, x,u), (−√1 − y2 − ‖u‖2, y,−u)) ∈Q1,
the function f1 is written as follows:
f1(x, y,u)= −
(
1 − l(√1 − x2 − ‖u‖2 +√1 − y2 − ‖u‖2 ))2 − l2(x + y)2.
A straightforward calculation shows that, around the origin, f1 has only one critical point (0, . . . ,0) which corresponds
to q1 and the Hessian of f1 at the point is
2l
{(
l − 1 −l
−l l − 1
)
⊕ 2(2l − 1)Id−2
}
,
which is nondegenerate with index 1. (Note that 1 < r = 2l < 2.)
B.3. Around the point vi
For the simplicity, we assume that d = 3 and consider the point v1. Let V ⊂ D′ be a small neighbourhood of v1.
On V , the projection π decomposes as follows:
π−1(V )∼=Q1|V ×V Qn|V ×
(
Sd−2
)n−2 →Q1|V ×V Qn|V p1×V pn−→ V.
By an appropriate coordinate change, we assume that B1 = (2a,0), Bn = (−2a,0) and O = (0, b). Note that 0 <
2a  1, 0 b < 1 and v1 = (0,2
√
l2 − a2) where l = r/2.
We consider the function f2 = g ◦ p1 ×V pn on Q1|V ×V Qn|V . Using a local chart of Q1 ×Qn around the point
v1, which corresponds to (−a,−a,0, a, a,0), given by
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z,
√
1 − z2 − v2, v), (w,√1 −w2 − v2,−v)) ∈Q1 ×Qn,
the subspace Q1|V ×V Qn|V is described by the equations{
l(x + y − z−w)+ 4a = 0,
l(
√
1 − x2 − u2 +√1 − y2 − u2 − √1 − z2 − v2 − √1 −w2 − v2)= 0 (B.1)
and the function f2 is written as follows:
f2(x, y,u, z,w,v)= −
(
l(x + y)+ 2a)2 − (l(√1 − x2 − u2 +√1 − y2 − u2)− b)2.
Thus we have to study the critical points and the Hessian of this function under the condition (B.1). Around the point
(−a,−a,0, a, a,0), under the condition (B.1), the coordinates y and w can be written as functions of x, z,u, v. Using
(x, z,u, v) as a local coordinate, a straightforward calculation shows that, around the point, f2 has only one critical
point (−a, a,0,0) and the Hessian of f2 at the point is
l2
2
√
l2 − a2 − b
(l2 − a2)√l2 − a2
⎛
⎜⎝
3l2 0 0 0
0 l2 0 0
0 0 2(l2 − a2) 0
0 0 0 2(l2 − a2)
⎞
⎟⎠ ,
which is nondegenerate with index 0.
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